MONOTONE COMPLETENESS OF NORMED SEMI-ORDERED LINEAR SPACES SADAYUKI YAMAMURO
Introduction* Let R be a continuous semi-ordered linear space, namely, a semi-ordered linear space where, for any sequence x y^0 (y=l,2, •)> f\x v exists. continuity implies semi-continuity. Kantorovitch [4] has proved that, if a norm on 22 is monotone complete and continuous, then it is complete, namely, 22 is a Banach lattice. Nakano [5; Theorem 31.7] has proved that, if a norm on 22 is monotone complete and semi-continuous, then the norm is complete, and, recently, Amemiya [1] has proved that, if a norm on 22 is monotone complete, it is complete. 2 In this connection, see also [2] . In this paper, we will consider several problems concerning monotone completeness and completeness of normed semi-ordered linear spaces and Nakano spaces.
l
Monotone completeness of normed semi-ordered linear spaces* In this section, we will consider two problems.
As usual, let (c 0 ) be the set of all null-sequences of real numbers. This is a normed semi-ordered linear space by the usual ordering and Kantorovitch [4] . It is easily seen that iP-boundedness implies i£-boundedness. If R is reflexive in the sense of [5] § 24, then it is easily seen that R is iΓ-bounded. Therefore, for any R, its conjugate space is always if-bounded.
The ϋC-boundedness can be expressed in other ways, namely, the following three conditions are mutually equivalent:
and
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For example, we will prove that (1) implies (2) . Let O^g#J +co . is not bounded and This is inconsistent with the hypothesis of (2). 2 Monotone completeness of Nakano spaces* It will be necessary to state here the definition and several properties of Nakano spaces.
A semi-ordered linear space is said to be universally continuous, if for any system of positive elements x λ (λ e A) there exists f\ x λ . A λGΛ Nakano space is a universally continuous semi-ordered linear space where a functional m(x) (x e R) is defined and satisfies the following conditions:
(1) 0^m(x)^ + oo(χeR); (2) for any x e R we can find a number ξ>0 such that m{ξx)< + oo ( A modular m is said to be uniformly finite, if sup m(ξ--)< + oo for every ξ>0. It is clear that uniform ίiniteness is stronger than finiteness. 3 2.1 In this section, we will consider the relations between monotone completeness and completeness of Nakano spaces. In the sequel, let R be a Nakano space and m(x) (xeR) be its modular.
The following lemma is a generalization of the essential part of Kalugyna's results [3] . 3 More details of the theory of Nakano spaces are given in [5] . As examples of Nakano spaces, we cite two representative types. The first is an Orlicz space. The second is the space L P (t) (p(fiy^ϊ) Next, we will consider the case when m is finite. 
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Hence, there exists an element xeR such that lim ||a? v -a?||=0 . There-
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fore, we have x= \J x v , which shows that m is monotone complete.
V = l
Thus we obtain the following theorem: It is easily proved that ||e v || = l and m(2β v ) = v+l-^ + oo . But, this sequence space is uniformly simple by Theorem 2.1. The relations between uniform simplicity and uniform finiteness were considered by my colleagues. If a modular on a Nakano space is uniformly finite and simple, then, by considering the monotone completion and applying Theorem 2.1, we can prove that it is uniformly simple. On the other hand, T. Shimogaki has proved in an unpublished paper that, if a modular is uniformly simple and the space has no atomic elements, then it is uniformly finite.
2.2. In this section, we will consider relations between monotone completeness and finiteness.
An element x is said to be finite, if m(ξx)< + oo for every ξ>0 . The set of all finite elements is called a finite manifold of R and denoted by F. F is a (norm) closed subspace of R and the norms are continuous in F ( [5] 
